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Riassunto: Si affronta il problema della stima e la costama di un intervallo di
confidenza k passi in avanti del Valore a RiscMaK) di un attivo o di un portafoglio
finanziario. La stima e la previsione dei livellidella volatilita e effettuata utilizzando
un particolare modello a soglia con due regimilli&tra come questo sia diverso e piu
flessibile da quello usato da Tong (1978) per madere la media condizionata. Si
analizzano le proprieta probabilistiche e statistidei due approcci e si mostra come il
modello proposto presenti una serie di proprietsiddeabili, quali facilita d’'uso e
generalita. Sono, infine, presentati i risultati uh’applicazione a dati reali su un
portafoglio di 15 attivi.
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1. Introduction

Given the returns proceis[}, let /R (rt|Dt_1) be the cumulative distribution function
(cdf) of k conditioned by the information set available atdit-1, [J;_; . If F(.) and the
associated probability density function (pdfg(rt|Dt_1) are continuous, for a given
a 0(0,1), there is only one, (o $uch that

Ft_l(rt (0()|Dt—1) =a 1)

and the Value at Risk (VaR) is given MaR,_,(1- o) =r,(a) . Actually we don’t know

the process generating returns, but we can onlgrebsa time series of finite length N
that can be used for estimating VaR. The populaoitythis risk measure among

academic researchers and practitioners is mairdytaltwo reasons. First, VaR is easily
interpretable: it gives the maximum loss expectdih@ t, which will be exceeded with

probability o.. The second reason is related to the Basle Agneeme Banking

Supervision (Basle Committee on Banking SupervisR003), which has established
rigorous guidelines for risk estimation and managetm

On a theoretical ground, it has been shown thgemeral VaR does not satisfy the sub-
additivity property and, hence, it is notaherentrisk measure (Artzner et al., 1999). In
the literature, several different coherent risk sueas have been proposed as an
alternative to VaR (Dowd and Blake, 2006). Howevesm a statistical perspective,
most of these can still be expressed as functidngeccentiles implying the same
difficulties encountered for VaR estimation



Furthermore, if Ft(rt|Dt_1) belongs to the family of elliptical distributionke the
Normal and Student’'s T, VaR is a coherent risk measercentiles, as, in general, any
order statistic, are not smooth and their estimatimplies some approximation
problems even in the case of iid observationss kriown that if(x;, X5, ...,xy ) is an

iid sample fromX ~ F(x), with F and the associated pdf f(x) being contins, if X, is
the a percentile of F(x) anc,, is its sample counterpart computed from its erogiri
cdf, it follows that

\/N(f(a—xa)Dfr—»N(O,a(l—a)/fz(xa)); a0 (01 ()

and the error in the estimation &f, by X, is O(N‘l/z). For finite N, the quality of

this approximation deteriorates asmoves towards the extremes of the interval (0, 1).
Also it is characterized by a positive bias incregsasa decreasing and as the tails of
f(x) become heavier (Inui et al., 2005). These thravks affect also the estimation of
VaR for a < 005 since the (conditional) distributions of financraturns are typically
characterized by heavy tails. In order to improve fproperties ofx, several

procedures have been proposed based on the upprokanation methods, such as the
Cornish—Fisher expansion, or resambling methodsweder, we observe that the
Cornish—Fisher approximation reduces the errofxif is known while the performance
of resambling methods is not as satisfactory abencase of smooth statistics (Ho and
Lee, 2005). On the other hand financial returngarérom being iid:

e = E(rt|Dt—l)+ [Var(rt|Dt—1)] V2g =p +o, g 3)
id
with &, s D(0,1). The associated VaR is then given by
VaR4 L a) = E(rt|Dt—l)+ €q [Var(rt|Dt—1) v (4)

whereg, = Fgl(a ) and F(g; )is the cdf ofe,. Equation (4) refers to a single asset but
it can be typically generalized to the case of d@fplo with m>1 assets. Le'rtj be the

return of the asset j at time t amtii_l its portfolio weight at time t, computed at t-1,

Vg = (v%_l, v{“_l) Vi 201 = (rtl,...,rtm) 1 =(11...,2); viq1=1,
it follows r; = Vlt—l ry and

]1/2

VaR . (@) = Vi E(ry|Opq)+ £ [Vlt—l Va'{rt rt'|Dt—1) Vi )

If the modeller is interested in risk management arot only in its numerical
estimation, it is necessary to analyml(rt|Dt_l) in a multivariate setting which



requires the estimation of the inter-asset colimeiat

Formulas (4) and (5) can be estimated in a par&netrwell as in a non—parametric
setting. In both cases, efficient estimates of tihee—varying portfolio conditioned
means and variances are required in order to recahshe unobservable standardized
innovations sequence, and estimate VaR for the relevant forecast horigen). In

section 2 we will deal with problems related to wamiate VaR estimation using
ARMA-GARCH models combined with appropriate distrilonal assumptions oas, .

In order to simultaneously capture asymmetriehélévels and volatility, in section 3
we suggest a particular threshold model (Amendolal.e 2006), which is obtained
through a modification of the structure originalproposed by Tong (1978) for
conditioned mean modelling. The probabilistic pmies of the model are also
analyzed. Section 4 presents the results of ahicappn to a portfolio of 15 assets.
Section 5 briefly discusses the main problems requby the generalization of the
proposed model to a multivariate setting and presicbnclusions.

2. VaR estimation in ARMA-GARCH models

Let is assume that the level of returns can be ftemtleas an ARMA and that
volatility follows a GARCH model of some order (Eagl1982; Bollerslev, 1986):

_6 ,68(B) _ .2 L 9B) .
=—>=+——"€; € =0&, O, = e
o@D «B) [3(1) B(B)

assuming that the usual conditions for stationaiityertibility and positivity of the

conditional variance hold. Following standard piagt by direct equation (4), we
approximate k-steps ahead VaR through the followirajing rule

VaR, (k;a) = E(rN+k|DN ) +g, [Var(er | 0, )]1/2 ©

k
where (rN+k|DN)= Z(rN+h|DN); letting ry (h) be the predictor ofy ., ands? (h) that

h=1

of 6&.p. conditional on information at time N+h-1, it foWs that

(rN+k|DN) ZTN (h)

2 (7)
k-1
var(rN+k|DN)=va{ZeN (h)j=02N(k)+(1+w1)20ﬁ(k—1)+...+[2ij o2
h=1 j=0
et 2 3 0(B)
en (M) =ryen =M () =2 wjenanji 1+ yiB+y,B" +y3B +----=@? Vo =1
j=0

In usual applications, the autocorrelation struewirthe levels is not very persistent and



a low order ARMA model is usually required. On tbéher hand, for volatility
prediction, it has been observed how in many cas€fARCH (1,1) model is able to
produce sufficiently accurate results. These comgimbms lead us to focus on the
following examples.

1. Forr,=0,+e,; € =0, o.=o+0e’,+pc’,, we haver,(h)=0,;

E(rN+k ||:|N ) = keO ’ Var(rN+k

=SMEDNHOE

: (i) = o+ae) +Bol; if j=1
§ o+@+p)oi(j-D; if j>1

2. Forr,=0,+e —0e_; € =oc,,; o =o+ae’, +fc’,,itis

0,+0ey; if k=1 K _
E(rN+k|DN):{ o ; var(fy. |0y ) = 0%62 (k1) + > 62 ()
=1

Ko, if k>1

If we take (2) into account, it is possible to serian approximateasymptotic
confidence interval fovaRy (k;a at the 95%:

~ 1 112
cdon)| 5.7 | i) ©

where f (.)is the pdf of the standardized innovatien, while g, is the ordera

percentile of the innovation distributions. Thessl@f GARCH models has been further
generalized to capture asymmetrieverage effects in the conditional variance
dynamics. In particular, the EGARCH(1, 1) (Nelsd®91) accounts for asymmetric
dynamics by means of the following recursion:

|Og(<5 ) co+0c| tl|+B|0g(6t2_l)+yﬁ.

Oi1 O¢1

3. VaR estimation in Threshold Modéd's

Several papers have documented the presence ofreggyrin financial time series (So
et al., 2002, among the others). The class of tbtdshodels proposed by Tong (1978)
offer a useful tool for modelling asymmetric dynamiThese models are very flexible

! The approximation is due to the variability in tagtimation of the conditional mean and variante o
aggregated returns. For forecast horizons k>1sthdéing rule in (6) is evidently an approximatiditioe
unknown k-steps ahead VaR.



and can allow several features including asymmietityalso leptokurtosis, limit cycles
and other features. We focus on the class of tgimmes SETARMA models:

R ) N T Ty
@0+ Q-2 M)y 0?®)+e?®) -0@ Bl

(9)

whereI,_; =0 if r,_y <c edI,_; =1 elsewhered 21. The generalization to a higher

number of regimes is straightforward. The first tessan the probabilistic properties of
(9), with q=0,=0, can be found in Chan and Tong (1985) who shaw ahsufficient
condition for the weak stationarity qfis given by

PR SINe)
max > ¢, > @ | <1 p=max@,, p,) (10)
i=1 i=1

Lim (1999) shows that this condition still holdseevfor g>0; furthermore, if the order
m moment of gexists, the same holds fer Differently, if

Zp: maxﬂcpl(l)‘, ‘(pl(z) ‘)< 1 (11)
=

I, is strictly stationary and ergodic while the invatity of these models has been
investigated by Ling and Tong (2005).

The sufficient conditions in (10) and (11) are veegtrictive and they are often not
verified. Similarly, in order to reproduce asymnerand limit cycles in the conditional
variance we use

, W@ +(w(1) _w<2))|t_d . a @ (B) +(a ®(B) —0(‘2)(8))It_d o
BP0 +BYW-BPW)I., BPB®+BYB) -BB))l

0)

(12)

Ling (1999) proves, under standard regularity cobons, that if (11) is satisfied and
S S
Zmax(a @, ai(z))+z max®, Bi(z))<1 (13)
i=1 i=1

with s = max(g $) and u = max(yy w), then (, ) is stationary and ergodic. The
condition (13) is a very restrictive one. Furthersydhe simultaneous estimation of the
model parameters implies some difficulties (Cheal £2005).

In this paper we consider a different threshold eh@doposed in Amendola et al (2006)
which allows to analyze separately the two regisieglifying (9) and (12). It must be
recognized that the complex structure of (9) ah2) (s due to the presence of the
binary process; lin the denominator. If we use alternative formolas separating the
dynamics of the two regimes, the model becomes nmicte tractable, as far as its
statistical properties are concerned with the agyi of applying most of the results
holding for the traditional ARMA-GARCH.

Let us consider:



(2 @ (2 @) @ 2
_ 6§ +[% eonw[e(m+F (B)_© QWwJQ

TP 00 20 @@ ("0 @@

with e =ep, +(ey, —€y, )lig, that for e, =c,, =¢, and ¢V(B)=¢?(B)=1
becomes the SETMA model by Ling and Tong (2005). Rerconditional variance we set:

= — 2 O _@ —
€ = [Gth +(O-ltl 02t2)|t—d] [ste +(8t1 ste )It—d] =0.&

, w? w® w? a® (B) a® (B) a® (B) ,
O, = + - I + + - liq €
B?@ B0 BYWM B (B) [B(”(B) B‘Z)(B)j

. iid
with s(tf) ~D; (01, i=1, 2; sg) and si? mutually independentt =t, +(t, —t;)I, 4. It

can be easily verified that =ry; + (ro; =) li—q otz = oft + (ogt —oft)lt_b. Both the
levels and volatilities evolve independently witldach regime and their dynamics are
not influenced by the regime structure of the oWeredel. This implies that, if the
regimes are stationary and ergodic then the ovpraltess is stationary and ergodic.
This condition is less restrictive than (10) e (I3)e price to pay for the simplicity and
flexibility of this model is that the observatiomgcurring in the two regimes are
unequally spaced and the sampling frequency wighith regime varies randomly as a
function of g4. In section 4 we will further investigate thisussand its possible impact
on the applicability of the proposed model.

Under the assumption that the error in regime i21s distributed as a standardized
Student’s distribution with jgdegrees of freedom, letting be the observed returns
vector, L the overall log-likelihood,;lthe log-likelihood function associated to regime i
=1, 2, it can be immediately verified that

- 2Iog(L(91, 62|r) = —2Iog(L1(61|r) - 2Iog(L2(62|r) :

2
- 2log(L;(0/]r)= (N; +1-s )|Og{(gi —2)“(—”9’i L J }r

I'((gi +1)/2)

N TORNON S

+ Y |log 1+ —Ht L —Iog(cizt) (14)

t=s; (9i — ot

where ! is the conditional mean of regime i =1, @axQ;,p,,0;,0, 1) =8, +S, +1;
N, + N, =N -d. The minimization of (14), which can be achievgoperforming two

separate optimizations within each regime, provatesstimate of model parameters. In
conclusion, if the conditions for the stationarityertibility and for the positivity of the



conditional varianced;;, > Phold for both regimes, it is possible to genetaie< d)
steps ahead optimal forecasts by the formulas:

E(rN+h|DN )= E(r1N+h|DN)+ [E(r2N+h|DN )- E(r1N+h|DN ) T
var(r.n|On ) = var{rag on | O )+ [varvan O ) = vardrasgon  On )] s

given that, in this case, the value of,, is known sincery,,—q IS Observed.
Differently, for h >d, we replacéy,;, with its expectation p. In practice the paranseter
of the two models involved in the forecasts arenawkn and it is necessary to replace
them with their maximum likelihood estimates dedvieom the minimization of (14)
and withp=N;/N. The estimated errors, =£;; + (€5 —€;;)l14 can then be used to

generate k-steps ahead prediction of the conditiorean and variance and, hence, of
the associated VaR

VaRy (k;a) = E(rN+k|DN )+2q [Var(rN+k|DN) . (15)

with €, =€14 + (€24 —€14)INsk @nd €, being the percentile of the standardized
innovations distribution in regime i =1, 2 whichassumed to be distributed according
to a Student’s T withg; degrees of freedom. If the model used for estimgdevels and

volatility is well specified, an approximate asymipt 95% confidence interval for
VaR, by equation (2), is given by:

1/2
| )+ Hz(#(sﬂ e |00 ] 22 an

where N'f2(2,) = Nyf 2(81,) + (N5 3 () = Nif 2 Gaa)) Insices aNdF; ig ) is the palf
of a Student’s T in regimewith g; degrees of freedom evaluatedégt. Alternatively,

the confidence interval for VaR can be generatea simulation resorting to an
adequately chosen Bootstrap technique. The estimatalel can be validated by the
usual diagnostic tests and in particular by chegkihat the autocorrelations of

(€it|J1) and(ef|T;_y) are compatible with the iid assumption.

4. An application to real data

In this section, based on daily historical data,buéd a virtual portfolio composed of

15 financial assets and predict the associated M@aRo a ten days ahead forecast
horizon using the best GARCH type model. The resalte compared with those
obtained by means of a threshold model for conaliionean and variance with the
residuals distributed according to a Student’s dtritiution with different degrees of

freedom parameter within each regime.

The data we use for this application are the aégustosing prices observed for each



asset on the Milan Exchange Stock Market from 02@02 to 15/02/2007 for a total of
N=1328 observations (fig. 1, left panel). The asset consider are: Alitalia, Espresso
Gruppo, Intesa San Paolo, Juventus, Luxottica, MeozMediaset spa, Generali ASS,
Bastogi, Benetton Grup, Unipol Priv, Campari, Engt, Gemina. The portfolio weights
are assumed to be time varying and proportiondieaaily traded volume (fig. 1, right
panel). Returns are calculated as the first diffee of the log-transformed prices (fig.
2, left panel). The histogram (fig. 2, right panedyeals a remarkable kurtosis and a
slight negative skewness. The sample autocorreldtinctions (SACF) of returns and
squared returns have been plotted in fig. 3. Feilekels, the SACF supports the use of
a low order MA model while the dependence structirequared returns is much more
persistent. We used the Schwartz criterion to ifleanh MA(1)-EGARCH(1,1) model
whose parameters have been estimated by Gaussiasi @aximum Likelihood
(values in brackets are asymptotic standard errors)

iid
r, =0.0008+e, —0.0730e,,;e, =0,&,;¢,~N(0,D; £, =-1.6449;f (¢ ,;) =0.1031

(:0027) (0270

log(o?) = -0.4303+ 0.1945%2] _ 0 0470% 0.9685l0g(02, )

(078 023 g,_, (01314 @, (.0075)

The estimated model has been used to predict 5% yafR ten days ahead. The
forecasts with the associated 95% prediction itemave been reported in fig. 4 (left).
The predicted VaR ranges from 1.78% (1 day) to %.900 days). We compare these
estimates with those obtained from the proposesstuld model assuming an MA(1),
for the conditional mean, and a GARCH(1,1) modi the conditional variance, within
each regime. The time plots of the returns fallvithin each of the two regimes, with
N;=611 and M= 716, have been reported in fig. 5. The differenbetween the two
regimes are more evident if we consider the astmtizistograms (fig. 6) and SACF of
squared returns within each regime (fig. 7, lefigdp The SACF patterns show how the
volatility tends to be more persistent in the firsgime rather than in the second. The
estimated model parameters ford = 1, ¢ = 0 are:

My, = 0-(%(33-4)7"'91t1; €y, =0, €1y; €1y ~ N(O1);

2 2 2
03, =0.0000118+ 0.196€;;, 4 +0.74107;, —
1 (0000033 (049 T R

(037 175

2 2 2
o5, =0.0000053+0.103e +0.8610
22 (0000026 (029 2271 “(ozg 2271

1/2
_ : _ . g-2 A
Fot, =€, ~0.063e,,4; €, = 021,82, Eat, ~ [Tj tg: 9= 679

€5.05=((9—2)/9)° tgs =—15987L f(€, 05) = (9/(g —2))°f (t g5) = 0.0865873

confirming our prior belief on the structural diféeces between the two regimes. This
is evident from the histograms of the residualshiniteach regime, which are



characterized by substantially different tail bebavs. In fig. 7 (right panel) we have
represented the frequency distribution of the rangths within the negative and
positive regimes, respectively. In the case of Bgspaced observations, this frequency
should be equal to 1 for a run length equal to d @relsewhere. A practical way of
measuring the distance from this benchmark is ®the following relative distance
measure, which compares the observed cumulatedenetges with their theoretical
counterparts in the case of equally spaced obsensat

H-1
O<v; =1- Y FV/(H-1)<1,i=1,2
=1

where H is the maximum observed run length Eﬁb are the cumulated frequencies of

run lengths within regimes i =1, 2. In our cas&siH=9, v, = 0.138, v, = 0.1 which
are very close to 0 implying that the informatiosd deriving from using regimes with
unequally spaced observations is negligible wigpeet to the case of equally spaced
data points. Again, the estimated threshold modes wsed to predict VaR up to 10
days ahead (fig. 4, right panel) starting frogp= afd usingp = 0. 46040 compute

the predicted values ofaRy (k, a fpr k=2. The range of variation of VaR is similar

to what observed for the MA-EGARCH model, goingnfira minimum of 1.7% (1 day)

to a maximum loss of 4.6% (10 days). At the samme tihowever, the threshold model
allows for a deeper interpretation of the marketadyics allowing to condition the term
structure of risk on the state of the market.

5. Concluding remarksand further developments

The above-discussed models can be used for teatstn of risk measures such as the
VaR. In order to use these models for risk managénmperposes, however it is
necessary to establish a link between the targktmeasure and the set of portfolio
weightsvi.s. Such a link is missing in equation (4) whilestpresent in equation (5),
which, however, requires full knowledge of the citindal variance matrix of portfolio
returnst,. This consideration motivates the use of multata@riconditional heteroske-

dastic models. In theory the threshold model dsedsin section 4 could be easily
extended to a multivariate setting specifying appede multivariate threshold models
for both conditional mean and variances. On anaijmeral ground, however, several
problems arise. Multivariate conditional heterosdstit models are affected by the
curse of dimensionality since the number of parametends to increase rapidly, often
in an exponential fashion, as m increases (Bo#grsl988). To limit the number of

parameters to be estimated, it is then necessamyptose restrictive and, in many cases,
untestable constraints on the model dynamics. €he-parametric approach, known as
GEWMA, is perhaps the most widely diffused solutimmong practitioners (see e.qg.
Longerstay, 1996). Other notable examples of pamsious multivariate conditional

heteroskedastic models include the CCC, proposedBdllersiev (1990), the O-

GARCH, proposed by Alexander (2001), the DCC, psagbby Engle (2002) and the
related ADCC model, proposed by Cappiello et a800@. Alternatively, several non-

parametric approaches have been proposed. Newsshadven in this setting, some
important computational difficulties and probatitigoroblems, related to the properties



of the estimators, arise. The estimates obtainedbbyparametric approaches are not as
easily interpretable as their parametric countéspak critical review is provided by
Fan (2005).
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Appendix

Figure 1. Adjusted closing prices from 07/01/02 to 15/02J@t) and portfolio weights
(right)
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Figure 2: Daily portfolio returns: time plot
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Figure 4: 5% VaR with asymptoti95% confidence bands: EGARCH (left) and

Threshold model (right)
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Figure 7. SACF of squared returns (left) and frequency dhstion of run lengths
(right) within each regime.

Figure 8: Histograms of first (left) and second regime (rigtgsiduals.
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Standardized Residuals

Observations 716

Mean 0.041232
Median 1.10e-05
Maximurn 4251014
Minimum -2.950196
Std. Dev. 0997844
Skewness 0341258
Kurtosis 4332611
Jarque-Bera 66.78336
Probability 0.000000




